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Abstract

We propose a new rule of thumb for designing high-order composition
methods for ODEs: instead of minimizing (some norm of) the principal
error coefficients, simply set all the outer stages equal. This rule auto-
matically produces families of minimum error 4th order and corrected 6th
order methods, and very good standard 6th order methods, parameterized
by the number of stages. Intriguingly, the most accurate methods have a
very large number of stages.

Composition methods

Ever since high-order composition methods were invented [7, 8], a steady stream
of papers has appeared extending and refining them. Numerous methods have
been announced as ‘optimal’ in some sense, so that it is difficult to make a final
assessment. There are several reasons for this:

e The order conditions are complicated, and it is difficult to find all solution

paths. If an error measure is being minimized, it is hard to be sure one
has found the global minimum.

It is possible to add extra stages, which in many cases has been found
to decrease the effective error constant. But if enough stages are added,
higher order becomes possible, but perhaps not desirable. How should
methods be selected then?

The error criterion depends on choosing a norm in a linear space, for which
there is no canonical choice; different norms will give different optimal
methods.

New types of methods (e.g. using a corrector) for different (e.g. near-
integrable) problems, have been considered.
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e Minimizing the principal error may lead to the increase of higher-order
error terms, which may make the ‘optimal’ method less desirable in prac-
tice.

Here we address these issues by studying the order conditions in the most
popular and most amenable situation, of ‘type SS’ methods [5, 7, 8] (self-adjoint
compositions of a family of self-adjoint maps). Let S(7) be a self-adjoint inte-
grator of the vector field X; with time step 7, so that, up to terms exponentially
small in 7,

S(1) =exp(tX1 + X3 + 77 X5 +...).

We consider the self-adjoint methods!

n n 1
o(r) = ( s( ) sa )T ( S( 1)
1 1 n
=exp 7X1+ 37°Xs+7°( 5Xs5+ 113X113)+
T ( X 4+ 115X1s + 313X313 + 11113X11113) + - -
where we write X113 = [X; [X1 X3]] and the are polynomials of degree
inthe . fter applying an anti-selfadjoint conjugation or corrector (see,

e.g., [ ]) of the form
(1) =exp 7 13X13+7 (15X15 + 1113X1113) + - -
we have

o ‘=exp T 1 Xi+7 3 X3 +7( 5Xs+ (113 13)Xus)+7 (X +
(115 15)X115) + (313 3 13) X33+ (11113 1113)X11113) + -+ -

With an appropriate choice of the |
¢ ‘=exp X1 +7° 3Xg+7° 5X57 (X 4+ (313 3 113)X313) +...
and when ¢ is at least th order, 3= so
o '=exp TX1+7 5Xs57 ( X 4+ 313Xz13) +... .

rucially,

1 1

and it is the simple form of these particular order conditions which forms the
basis of our study.

We propose that even if a corrector is not being used, one should not include
correctable terms in the error coefficients. These errors do not contribute to the

e only consider methods with an odd num er of sta es, since this means that the
consistency condition (total ste si eis ) can e satis ed usin ust the central sta e with
an even num er of sta es enforcin consistency uses u two sta es



ualitative error and it is wasteful to try and minimize them. With this error
criterion, our study of fourth order methods suggests the rule of thumb that
all outer stages should be set e ual. We then test this rule on corrected and
uncorrected sixth order methods.
The error when integrating to a fixed time at constant work with a fourth
order method of  stages is

( 5 X5 + ( X + 313X313)+...).

sing the convention that all assessments should be neutral to rescaling the
time step (i.e., the methods ¢(7) and ¢(r ) should be rated e ually), we use
the effective error coefficients

throughout, where is the order of the method. In this way all error coefficients
can be compared to their reference values (either 1 or ) in the basic method
©. Note that in the past (e.g. in [ ]), some measurements, of stability limits for
example, have not been scaled by , which makes them look better than they
really are, and may be the reason why the new methods have not been adopted
for general use.

he eo th m

or fourth order methods, there is only
one order condition ( 3) and one uncorrectable principal error coefficient ( 5),
so there is no need to choose an error norm. detailed analysis of the order
conditions is possible. We show in roposition 1 that the very simple family of
methods introduced by Suzuki in 1 in one of the first papers on high-order
composition methods [7],

p=5(7)"S((1 )T)SC )" (1)

provides a local minimum of the principal error for any number of stages, and
we conjecture that (amongst minima which are critical points) it is a global
minimum as well. s , 1( )andl , S0 asymptotically
we have a se uence of constant time-step (e.g.) leapfrog steps. The =
(5-stage) case of the following proposition was recently found by Blanes [1].



Table : The wuzu ifamily of 4th order methods, together with their 6th and th order
e ective error coefficients. * is the elbow value of the time step, namely , at
which the 6th and th order errors nominally balance. The -stage method has the
smallest error

Method coeff. Error coefficients
+1 =1 5 113 313 T
1. 51 8. 11. 18 571 7 .15
5 .15 . 8 1.5 88 7 .57 5 .8 . 57
7 1| 5875 . 81 1. 87 .7 . 881
d 7 .5 5 5 7.81 5 .75 81
11 1 75| 17, 8. 1 8. 1 1. 51
1 .1 1.8 1.5 8 188. S5l
15 . 8 1. 81 1 .588 185.88 5 &8 . 817| . 1
17 .7 1. 1. 71 187.7 . . 5
1 . 5 1 11 1 .188 8. . 88
1 .57 (1.5 7 1 5 1 8. 5 .5871 | .85
Letting , 1= =1 1 > we have to find extreme points of
the error coefficient .
()= P47
1
subject to the constraint
():= 5+ %=
1
irst we calculate
— =1 1
so that is a critical point +  where is a Lagrange multiplier, and

hence a critical point of . Notethat ( )= ( ) , where is the

vector containing all 1’s. (We also write for the matrix containing all 1’s.)
We have to calculate the signature of this critical point. We compute this

in orthonormal coordinates 1 ... , adapted to the surface = , the basis

vectors being the columns of where = is the factorization of , the

normal vector to = at the critical point. rom ; = ~and ; = for
1 we have



and
( ) = 11

We shall need the two Hessians

=1 —+ 3

of and at the critical point. Then

1
( + )=0)+ () +- + (9
= ) 1+ +1 0+ ()
so the surface = is nondegenerate at the critical point and is described
locally by
1= ——( +...+ )+ (.
( )
Expressing the objective function in the coordinates ... , gives
1
C + )=0) () +- + (9
= ( )+1( ) Tt T+ Pt ()
= (vl e ()
But ( =
3 1 — = 3 1 +
( ) ( )
()
C )PP
for all 1 so the critical point is a local maximum. Since ( )= 5+
(1 Y= () 3 )3* 1 , the error itself is minimized at this
point. °

Not only does this family of methods (see Table 1) minimize the error, the
error itself is very small and the minimum effective error is obtained for surpris-

ingly large . In terms of := ( )! 3, the effective error is
_ _ P+
S0
_ (1) + 1*( +1)
0= 1y



which is negative in (1 ) and positive in ( ) where =1 + 5,

corresponding to 3 +1 18. stages. The error is minimized by a method
of 1 stages

In fact, the critical point of roposition 1 seems to be the only ‘interesting’
one. In all the others takes on at most two distinct nonzero values, but these

critical points (with sign changes and zero values) have much larger values of
5. We therefore make the following conjecture.

=1

How can the pattern shown in this excellent family of methods be extended
to higher order? Note that the methods have the maximum possible number of
e ual stages, a property that does generalize.

n

We are seeking critical points of the augmented function

3+ 1-
1

Setting of the variables e ual to any of the other variables, the constraint
e uations are then e uations in unknowns, with generically isolated solu-
tions. However, from the symmetry of the ,ifsay ; = , then 1=

. So the remaining e uations, 3+ 1 1= ,re-
duce to linear e uations in unknowns , which generically have a solution.
L ]

There can be enormous numbers of these critical points, most of them not
minima. However, it seems to be best to repeat only a single value of . or,
consider the following class of methods, which can repeat two values, and

St SCn)"S( 1)

To be fourth order re uires

with solution

( )1 3 - ( )1 3"
This solution is a critical point of the error 5. learly, to get the shortest steps,
either or should be as small as possible (e.g. increasing from 1 increases



Table : i th order methods with a corrector, with all outer stages equal.
or the given (i-e. stages), there is a single real method of this
type. The -stage method has the smallest error . The coefficients can be
found in T by

Method coefficients Error coefficients
+1 1 n 313 T
5 1.5 .15 8755 701 17
7 .1 .8 1 551 7 1. 1 1 8
. .551 8 5 555 177
11 17 . 17 .8 11 5 1
1 .1 . 8 157 1 78887 | 11
15 1 8 . 111 1 1
17 . 87 . 1181 7 5757 1
1 .75 .77 11 5 1 7
1 .5 .17 17 5 T1 11
. 585 d 7 15 5 15| 1 7
5 .57 .185 15 51 51 1
7 .7 A7 5 15 57 555 138

disastrously). But the minimum value of , namely , is greater than the
minimum value of , namely 1, so we should take = 1. This gives the Suzuki
family of methods of roposition 1.

If other terms ( 313 etc.) are included in the constraints or error, the points
described in roposition will be no longer critical, and the order of the  will
become relevant; but these terms seem to be relatively small in the interesting
region of parameter space.  study of the th-order order conditions 3= 5=

113 = suggests that it is the stages that should be set e ual. Therefore
we propose the following

Some evidence for this rule of thumb is found in Blanes [1]. His best th
and 8th order methods have the two outer stages nearly e ual. ( nly ‘nearly’
because of the inclusion of extra terms in the principal error.) We find further
support when we examine corrected and uncorrected th order methods.

The rule of thumb here gives two
order conditions ( 3 = 5 = ) in two unknowns, which it is possible to reduce
to a single real polynomial of degree 15. or each we tested this polynomial
has a single real solution. urthermore, this solution has has nice small ’s.
By roposition , it is a critical point of the error , presumably a minimum.



Table : i th order methods without a corrector, with all outer stages equal. These
methods don t appear to e ist for all , but when then do, they are very accurate. or
stages this is the oshida method.

Method coefficients Error coefficients
+1 1 n 1 n 313 T
7 .78 5 5 1.1777 | 1 518 11 1.8 1 .7
11 .55 . 858 |1 .71
1 .77 . 51 .515 . 1
15 .1887 . .51 785 1 5.78 1 1 5
17 1 . 887 .1 88 15 15

s at th order, the error  decreases as more stages are added, reaching a
minimum at = 1, or 5 stages. The other uncorrectable error term 3;3
can be evaluated on these solutions, and is relatively small. emember, these
methods have the advantage that no optimization is needed.

These methods also indicate why it is necessary to consider th order meth-
ods with 7 stages, even though th order is possible. onsider, say, stages.
The Suzuki method does have an error of 5 = . 5, while other stage meth-
ods have 5 = ; but those have a much larger ( 8 as opposed to 7.8, 17
times as large).

Now there are order condi-

tions ( 3 = 5 = 113 = ) and 7 stages are re uired, the best 7-stage method
being the oshida ¢ ’ solution with effective error 7 = 888 =1 5
With + 1 stages, weset ;1 =...= , ,leaving three unknowns 1, , 1,

and ,. nfortunately, the e uations seem to be too complicated to reduce to
a single polynomial. fter trying several methods, the easiest way we found to
solve the e uations was to regard the smallest real solution of 3 = 5 = as
a function of ,, and then to evaluate 113 on this solution. It is then easy to
check if this function of , has a zero. This gives a solution for 11, 1 | 15, and
17 stages, but not for , 1 , or 1. The solutions with 11 17 stages, listed in
Table | appear to form a related family, again with decreasing effective error
coefficients.

hee o

In practice, any given method is not used in the limit 7 , for then a higher
order method would be more efficient. The errors of all possible methods will
form an envelope and users will try to select methods which lie close to this
envelope. Somehow, this envelope is contained in the structure of the order
conditions, but we know of no direct way to get at it. Here is one way to
observe it. If we make the arbitrary assumption that all vector fields X have
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the same order of magnitude, and consider only a single error term  at each
order, then the effective error scales roughly as 7 1+7 3+ ... for a
method of order . We define the

as the value of the time step below which the asymptotic error behaviour (7 )
is seen. It corresponds to the corners commonly seen in log log plots of the
error. Indeed, looking at error plots in almost any of the references suggests
that the elbow tends to lie close to the envelope. (Is this perhaps the ‘rule of
elbow’?)

The elbow gives a crude measure of the nonlinear stability of the method:
If 7 is very small, the method is unlikely to ever compete with higher-order

methods. ood methods have small 1 large 7 . The reference value of
7 1is 1, from the reference method S(7). igure 1 shows typical error curves
that might be obtained based on the error coefficients in Tables 1 and . learly,

no method is used at time steps larger than 7 . What is remarkable about the
families of methods in Tables 1, , and , is that the elbows do not decrease
with increasing number of stages. We do see, however, that even the largest
values of 7 decrease as the order increases: 7 =1, . , and .1 for orders
, ,and , respectively. The tables also indicate that the higher-order errors
must increase as the order increases: there is no th order method with 5 =1,
its value in the nd order method S. Similarly, the minimum value of  for th
order methods is 185, but the best we can do with a th order methodis1 5 .
It seems likely that this pattern persists for all methods and all orders.
onsider a user trying to get away with, say, leapfrog method at its largest
reasonable time step. The user is unhappy with the overall error and wants
to choose between decreasing the time step and switching to a higher order
method. If, indeed, the higher order methods become competitive at 7 7 ,
then we can say that if the user is willing to to about 1 7 more work (i.e about
times for th order, or 7 times for th order) then the higher order method
will become advantageous, corresponding to desired error reductions of about
1 and 5 , respectively.

We get similar estimates looking at the error coefficients. Second and th
order methods balance when 7 17 ,0rT . 5, corresponding to  times
more work; nd and th order methods balance when 7 157 ,0rT 17,
corresponding to  times more work. These encouraging estimates are mainly
due to the small error constants of the methods in Tables 1 and

Now the same user might complain that it is preposterous to switch from a
1-stage method, say leapfrog, to a 1 or 5 stage method. The work overhead
must be 1 or 5 times, which would never be justified. oesn’t this contradict
the previous paragraphs? erhaps the resolution is that our analysis so far has
ignored stability. Leapfrog applied to the harmonic oscillator is stable only for
T , and all of the higher order methods given here have stability limits less
than . (They could perhaps be modified slightly to be stable up to 7 = or
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circles indicate the stability limit of each method. That is, wor of  corresponds to
6 force evaluations per period. The e change points (where methods of di erent

orders ust balance) depend very sensitively on the choice of method. The new methods
with large numbers of stages are very competitive. trangely, the improvement is
largest at 6th order, so much so that the 4th order methods are never competitive for
this problem.

beyond, although the practical relevance of this is not clear.) When scaled by

the number of stages , their effective stability limits are less than very
small indeed. In problems where the time step is limited by stability, we will
indeed have to pay an overhead of about to use these methods.

ather than a purely numerical example, we present an exact study
of the new methods applied to the harmonic oscillator with splitting. This
is a worst case for us, since the more nonlinear a problem is, the larger (e.g.)
X is compared to X313, since it contains the highest derivatives of the vector
field X;. Writing the methods as (r) , where (1) , We compare
tr (7) to its exact value cos(7). This measures the phase error of the method.

11



Table 4: Taylor series coefficients of the e ective phase error for the harmonic oscilla-

tor. ere is the e ective stability limit.
T T T T | T
rder (leapfrog)
1] .8 . 8 5 1 ° 1
rder
1.715 .1 . 5
5 1.1 7. 8. 5
7 .7 7.5 8 .7
5 .75 7.1 .
11 . 8 11.815 8 .1 . 8
1 . 15. 5 15 .
15 .7 18. 7 58. 1
17 .1 .585 8.
1 . 8. 18.
1 .1 5. 11
rder , with a corrector

5 1 1 .75
7 18. 17 . 8

1.8 18 . 8
11 11. 7 .7
1 1. 85
15 1.
17 1.7 1
1 11. 58
1 11.8 75

1. 1
5 1. 111

rder , without a corrector

7 88 .8 1 .
11 8. 115 .5
1 188.8 78| . 8
15 15.5 78 | .7
17 7. 81 .18




Specifically, we expand

in a Taylor series; to get an effective error, we list in Table the coefficients of
( 7). By solving tr (7) = , we can determine the stability limit 7 and the
effective stability limit 7  of any of the methods.

The results are shown in Table and igure and broadly support the
general theory, but with some interesting exceptions. The leading order terms
do behave as expected. But in all cases the higher order errors are much larger
than expected, and grow uite uickly with increasing number of stages

onse uently, the elbows 7 in this problem are smaller than predicted and the
high order methods are less competitive. igure shows that the stability limits,
the elbows, and the exchange points (where a higher order method becomes
competitive) and all clustered close together. However, it does appear that in
the practical regime, the stability limits are not a problem and that the new,
large- methods are competitive. ( rom Table one can see that when the
time step is close to the stability limit, the higher-order terms in the error are
larger than the leading-order terms, so the method is unlikely to be useful then

anyway.)

With small- methods (5 stages at th order, and 7 at th order) it becomes
competitive to switch to th order at 7 . (i.e., at about more work
than the nominal 7 = 1), and to th order at 7 . 7,or 7 times more work.

With the large- methods, th order is never competitive (because the large-
methods have larger th order errors, which s ueezes them out), but it is now
competitive to switch to th order at only times more work.

Con sions

We can summarize the best methods found here by crude estimates of their
(effective) errors:

nd order: T 4+T 4T +T +...

thorder: 17 +1 7 4+ 57 +... =(7) +(.7) +(.7) +-...
th order: 157451 7 4+4... =(.7) +(.7) +...

8th order: 111 1 7 +... =(7.7) +...

which gives some idea of the time steps at which each method becomes competi-
tive (the 8th order method here is taken from [5] and can probably be improved).
It is tempting to conjecture that the patterns of increasing coeflicients in these
tables are inevitable and are implied by the order conditions. The precise values
of the coefficients, of course, will scale at each order depending on the problem;
it would be interesting to try out these methods on large scale problems (e.g.
in molecular dynamics) for which nd order methods are commonly used.



In this paper we have considered only one case, of self-adjoint methods com-
posed of self-adjoint, nd order stages. It is an important case, but it is possible
that the rule of thumb proposed here does not extend to all varieties of com-
position methods. roceeding from the general to the particular, we conclude
that

e ne should not only look for global minima of some error. Local minima
may be useful because their parameters and their higher order errors are
much smaller. They may also form systematic families. This is true not
only for all varieties of composition methods but perhaps also for unge-

utta methods as well.

e ne should minimize only the non-correctable part of the error. Where
would this approach lead for methods?

e The rule of thumb not only selects good methods in this case, it gives
a definite prescription for the method, independent of any optimization
techni ue and error norm. an this approach be extended to other cases?

e FError can be minimized by methods with very large number of stages.
This is likely to be true for all composition methods and perhaps for
methods as well. re these methods useful in practice? If not, what is the
appropriate criterion?

e The best elbows found here (a nominal time step of 1 for nd order,

for th order, .1 for th order) indicate fundamental barriers to

the application of high order methods and can be used to describe the
envelope formed by all methods.

e It is remarkable that the highly accurate Suzuki methods (E . (1)) have
been overlooked in the 1 years of research since their discovery.
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